Symbolic computation and observable effect for the (2 + 1)-dimensional symmetric regularized-long-wave equation from strongly magnetized cold-electron plasmas  by Tian, Bo & Gao, Yi-Tian
PERGAMON Computers and Mathematics with Applications 45 (2003) 
An Intemational Journal 
computers & 
mathematics 
with applications 
731-735 
www.elsevier.com/locate/camwa 
Symbolic Computation and Observable 
Effect for the (2 + 1)-Dimensional Symmetric 
Regularized-Long-Wave Equation from Strongly 
Magnetized Cold-Electron Plasmas 
Bo TIAN 
School of Science, Beijing University of Posts and Telecommunications 
Beijing 100876, P.R. China 
and 
National Laboratory of Software Development Environment 
Beijing University of Aeronautics and Astronautics 
Beijing 100083, P.R. China 
YI-TIAN GAO 
Institute of Fluid Mechanics and National Laboratory for Computational Fluid Dynamics 
Beijing University of Aeronautics and Astronautics 
Beijing 100083, P.R. China 
(Received December 2001; accepted January 2002) 
Abstract-In this paper, with the aid of computerized symbolic computation, we use the gener- 
alized hyperbolic-function method to obtain new families of exact analytic solutions for the (2+1)- 
dimensional symmetric regularized-long-wave equation. This equation describes weakly nonlinear 
ion-acoustic and space-charge waves in strongly magnetized cold-electron plasmas. The families 
we obtain consist of solitary waves and trigonometric functions. We outline an observable (2+1)- 
dimensional effect that could be of interest to future experiments on space and laboratory plasma 
systems. The usage of the Wu elimination method has also been addressed. @ 2003 Elsevier Science 
Ltd. All rights reserved. 
Keywords-Strongly magnetized cold-electron plasmas, (2+1)-dimensional regularized-long-wave 
equations, Symbolic computation, Observable effect, Solitary waves, Exact analytic solutions. 
A weakly nonlinear analysis of the cold-electron plasma equations appropriate for a strongly 
magnetized nonrelativistic electron beam yields the (l+l)-dimensional symmetric regularized- 
We thank the referee for his valuable comments. This work has been supported by the Excellent Young Teachers 
Program of the Ministry of Education of China, the National Key Basic Research Special Foundation (NKBRSF) 
of China under Grant No. G1999032701, by the National Natural Science Foundation of China under Grant No. 
10272017, by the China Talent Fund, by the W.T. Wu Foundation on Mathematics Mechanization, by the Talent 
Construction Special Fund and Basic-Sciences Doctoral Education Fund of Beijing University of Aeronautics and 
Astronautics. BT also thanks the Enterprise Chair Professors Programme of Beijing University of Posts and 
Telecommunications and the Bright Oceans Inter-Telecom Corporation. YTG would like to acknowledge the 
Cheung Kong Scholars Programme of the Ministry of Education of China and Li Ka Shing Foundation of Hong 
Kong. 
0898-1221/03/$ - see front matter @ 2003 Elsevier Science Ltd. All rights reserved. Typeset by d&-w 
PII: SO898-1221(03)00033-6 
732 B. TIAN AND Y.-T. GAO 
long-wave equation (lD-SRLWE), p ex ressed as a first-order system 
ft + u, = 0. (2) 
This system has been shown to describe weakly nonlinear (l+l)-dimensional ion-acoustic and 
space-charge waves, where p and u are the dimensionless electron charge density and the fluid 
velocity, respectively, (see [l] and references therein). The lD-SRLWE does not possess the 
Painlevk property [ 11. 
Recently, two explicit exact solutions have been reported for the (2+1)-dimensional version of 
the SRLWE (or the 2D-SRLWE), 
(3) 
pt+Xu,+au,=O, (4) 
where the coefficients (Y, ,C3, p > 0, 0 > 0, y # 0, 6 # 0, A, and ~7 are all constants [a]. Guo [3] 
has investigated the periodic initial value problem for a class of the generalized SRLWE. 
For the multidimensional SRLWE, [4] presents sufficient conditions on several given scalar and 
vector functions to ensure the global existence and uniqueness of the solutions to the system, and 
discovers that under certain conditions on those given functions the solutions to the system will 
blow-up in a finite time. 
In this paper, for equations (3) and (4), we will use the generalized hyperbolic-function method 
[5-81 and computerized symbolic computation to obtain new families of the exact analytic solu- 
tions, and discuss the relevant solitonic features, possibly observable in the future. 
THE GENERALIZED HYPERBOLIC-FUNCTION ALGORITHM 
The algorithm, based on the computerized symbolic computation and detailed in [8], can be 
briefed out as follows. 
(A) We assume that an exact solitonic solution for a given nonlinear evolution equation 
(NLEE), such as equations (3) and (4), can be expressed as the superposition of dif- 
ferent powers of the Sech\k function, Tanh \k function, and/or their combinations. Other 
hyperbolic functions could be used, but they would make the solutions diverge when a 
real 9 --+ foe. For a set of the physical fields U(Z, y, t) and p(~, y, t), we look for solutions 
of the form 
+x3j(~,y,t). Sech[Q(z,y,t)] Tanh'[*(s,y,t)l, 
j=O 
(5) 
P(Z, Y, t) = 5 C-k@, Y, t) . Tanh”W, y, t)l 
m=O 
+ 5 %(z, Y, t) . Sech[Q(z, y, t)] . TanhnPW, y, t)l, 
n=O 
where J, L, M, and N are the integers to be determined, while El(x, y,t), .7j(x, y,t), 
C&(X, y, t), ~~(2, y, t), and \k(z, y, t) are all differentiable functions. 9(x, Y, t) should be 
real to make sure that the soliton profiles hold. 
w 
CC) 
CD) 
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The underlying mechanism for the occurrence of soliton-like solutions is that different 
effects which act to change wave forms, e.g., dispersion, dissipation, and nonlinearity, 
either separately or in various combinations, are able to exactly balance out. We thus 
balance the highest-order contributions from such terms in the NLEEs under investigation, 
to obtain values of J, L, M, and N for ansatz 5. 
We substitute ansatz 5 into the system under investigation, and equate to zero the co- 
efficients of like powers of SechQ and Tanh9 to obtain a set of partial differential equa- 
tions, from which we obtain the explicit expressions for &L(x, Y, t), F~((Ic, Y, t), &(s, y, t). 
7&(x, y, t), and 9(x, y, t) and/or the constraints among them. 
Considerable computation is expected here, even with computers. As the calculation goes 
on, in order to drastically simplify the work of to make the work feasible, we could choose 
special formats (such as a partially linear relation) for some of the &l(z, y, t), Fj (z, y, t), 
&(z, y, t), 7-In(x, y, t), as well as 9(x, y, t), on a trial-and-error basis. 
CALCULATIONS ON ‘EQUATIONS (3) AND (4) 
For equations (3) and (4), we use the above algorithm and begin with a simple expression 
Q(Z, y, t) = dX + By + ct + v 
for the solitary waves, where A, B, C, and V are all constants. 
The integers L, J, M, and N are determined via the balance of the highest-order contributions 
in equations (3) and (4), and with investigations we see a couple of possibilities for the nontrivial 
solutions 
U(Z, y, t) = Ec + &2 Tanh2(dJ: + By + Ct + D), 
/+,y,t) f Go(~:,Y,Q (6) 
where for simplicity &c and &z are assumed to be constants. Another possibility is 
u(z, y, t) = Eo + E2 Tanh2(h + By + Ct + D), 
p(z, y, t) = GO + S2 Tanh2(& + By + Ct + D). (7) 
Since the latter expansion gives rise to nothing but the solutions in line with those presented 
in [2], we will focus on the former. 
Substituting ansatz 6 into equation (4) and equating the coefficients of like powers of Tanh9 
to zero, we obtain the equations 
Tanh3 q : B = -AX 
(7 ’ 
with 0 # 0, 
TanhO Q : &, = Qs(s, y). 
Similarly, inserting ansatz 6 into equation (3) we get 
Tanh5 XD : &2 = - 
12dC (p o2 + X2 0) 
0(6X-ya) ’ 
with 6X - ya # 0, (10) 
Tanh3 ,Jj& TanhI Q : E. = ’ Lo2 + 8d2 ha2 + x2e>l 
da(6X-70) ’ 
with A # 0, (11) 
TanhO 0 : /~GQ + c&s,, = 0, or Go = @ (Pz - (.yY) , (14 
where (I # 0, p # 0, and @ is an arbitrary function. Two cases of interest are described below. 
FAMILY I. If A, C, and 2, are all real, we obtain a family of the exact analytic, solitary-wave 
solutions to equations (3) and (4), 
u= 
C [a2+8d2 (pa2+X2Q)] 
da (bX-ya) - 
12dC (/JcL~~+X~~) Tanh2 Arc_ AXy +Ct+Z) 
0 (bX-70) ( - u 
(13) 
P=@PDz-aY), (14) 
with Q as a real, arbitrary function, cy # 0, p # 0, 0 # 0, bX - ya # 0, and A # 0. 
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FAMILY II. If A, C, and 2) are pure imaginary, 
A = iP, 
c = iQ, 
v = iR, 
with P, Q, and I? real, we find a family of the exact analytic, trigonometric-function solutions 
to equations (3) and (4) as 
u = Q [(W2 - 1) a2+8A2Pz4 _ 
Pu (ya - 6X) 
l2PQ (pu2+A28) Tan2 px_ X?‘Y+~~+~ 
0 (6X - ya) ( - u (15) 
P = @ (Px - OY), 
with P # 0, @ as a real, arbitrary function, Q # 0, /? # 0, u # 0, and 6X - 
(16) 
v # 0. 
DISCUSSION AND CONCLUSION 
The SRLWEs describe weakly nonlinear ion-acoustic and space-charge waves in strongly magne- 
tized cold-electron plasmas. In this paper, for the 2D-SRLWE, we used the generalized hyperbolic- 
function method with computerized symbolic computation to obtain two families of the exact 
analytic solutions. 
It should be noted that in both of the families, the dimensionless electron charge density p(z, y) 
remains static, while the dimensionless fluid velocity ~(2, y, t) is expressed either by the solitary 
waves or by the trigonometric functions. 
In fact, expressions (13) and (15) can also be obtained via the Wu elimination method, which 
is a very sufficient method to solve for the systems of algebraic polynomial equations especially 
with many unknowns [g-11]. 
The physical relevance of Family I, or the set of expressions (13) and (14), is of special interest 
and pictured out as Figures l-4. 
In reality, the detailed physical application of Family I requires a judicious choice of the free 
parameters and functions occurring in expressions (13) and (14). For the purpose of illustration 
and qualitative analysis, we use values for those parameters and function, that are physically 
allowed by the plasma system under investigation, and listed in the figure captions. 
The fluid velocity u vs. z and y at various times can be seen in Figures l-3 together as a “movie” 
for a traveling solitary-wave surface via expression (13). On the other hand, Figure 4 represents 
the electron charge density p as a static, “dead” surface vs z and y, since expression (13) does not 
depend on t. We note that the above effect could be observable in future space and laboratory 
experiments for strongly magnetized cold-electron plasmas. 
Figure 1. An observable solitary-wave surface for 
the fluid velocity ~(2, y, t) via expression (13) at 
t = 2. The values for the parameters used are cr = 5, 
x = 2, y = 4,6 = 3, A = 1, c = -2, v = 10, p = 1, 
and 8 = 1. 
Figure 2. The same as Figure 1 except that t = 5 
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Figure 3. The same as Figure 1 except that t = 8. Figure 4. An observable solution surface for the 
electron charge density ~(2, y) via expression (14), 
with+(pr-oy)=l+Sin(Pz-ay)/lO,a=2, 
and fl= 3 assumed. 
Since the set of expressions (13) and (14) canriot be reduced to the (l+l)-dimensional solutions 
for the lD-SF&WE, we emphasize that such an effect is (2+1)-dimensional, which can not be 
observed with such (l+l)-dimensional plasma experiments as the ones related to [l]. 
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